MATHEMATICS:

ARITHMETIC, FORM DRAWING & GEOMETRY
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“The chief forms of beauty are order and symmetry and
definiteness, which the mathematical sciences demonstrate
in a special degree.” Aristotle (Metaphysics, XI11.1078a33)






LEADING THOUGHTS

All The Educational Courses

“Because of how various themes mutually support each other, one
cannot say: I have read and understood the first course; and
because the later one is supposed to carry the same message, there
is no need for me to study it as well. The fact is, however, that, if
one has studied both courses, the earlier one will be understood in
greater depth, because each sheds light on the other. It could even
be said that, only when one has digested a later teachers’ course,
can one fully understand an earlier one because of these reciprocal
effects. As a Waldorf teacher, one has to be conscious of the
necessity for continually widening and deepening one’s knowledge,
rather than feeling satisfied with one’s achievements.”

Compiling and Correlating References
"It is very necessary to gather together carefully the items of
concrete knowledge that have been given and to correlate them.”?

Child Development and The Curriculum

"It is good to realise the importance of introducing the right ideas
to the child at the right time.”’

“Thus, from week to week, month to month, year to year, a true
knowledge of the human being will help us read the developing being
like a book that tells us what needs to be done in the teaching. The
curriculum must reproduce what we read in the evolutionary process
of the human being.”*

Steiner’s Curriculum Cannot Be Given To You

"It is much more important that the teacher, the educator, finds
their own way into such things, rather than receive a ready made
curriculum with goals to achieve.”®

1 22.1V.1923, Dornach (GA 306).
2 22.X.1915, Dornach, (GA 254).
3 7.V.1920, Basel (GA 301).
#9.1V.1924, Stuttgart (GA 308).
5 3.1.1922, Dornach (GA 303).



STEINER'S INDICATIONS
ON MATHEMATICS INSTRUCTION AND EDUCATION

*You should remember that such rules are always flexible, so they
must never become pedantic... it is always bad when things become
too rigid.”

Arithmetic and Geometry And the Etheric Body

"It is the physical and ether bodies that are affected when children
are taught arithmetic and geometry... All this remains and continues
to reverberate in the ether body during sleep... It is most important
to remember that the ether body begins to function independently
when it is abandoned by the I and astral body. Because of its
inherent vibrational forces, it always tends to perfect and elaborate
anything brought to it.. While asleep, our body of formative forces
continues, in a suprasensory way, to work with all that it received
as arithmetic and the like. We are then no longer in the physical
and ether bodies; they continue to calculate or draw geometric
figures and perfect them at a suprasensory level.. We must,
however, make it possible for the ether body to perfect and
elaborate what it previously received. In geometry, therefore... we
begin by stimulating a strong sense of symmetry in children.

We can begin to do this with even the youngest children. For
example, one draws some figure on the blackboard, adds a straight
line, and indicates the beginning of symmetry. Then we try to help
the children realize that the figure is incomplete and, using every
means possible, get them to complete it themselves. Thus, we
awaKen an inner, active urge to complete what is unfinished...

¢ 5.X1I1.1922, Stuttgart (GA 300b).



Teachers, of course, must have creative talent... they must have
flexible, creative thinking... Briefly, by working like this, we give
children an idea of “asymmetrical symmetry,” thus preparing the
ether body during waking life so that it continues to vibrate during
sleep. And, in those vibrations, it perfects what has been absorbed
during the day. Then the children awake in an ether body — as well
as a physical body — inwardly and naturally stimulated to activity.
They will be filled with life and vitality. This cannot be achieved, of
course, unless the teacher has some knowledge of the ether body’s
activity.. In this sense, it is important to understand certain things
that occasionally happen to all of us. For example, we think over
some problem in the evening and fail to find a solution. In the
morning, however, the problem is resolved. Why? Because the ether
body of formative forces continued its activity independently during
the night... Life arises when we begin not with parts of addition, but
with the whole total.. We go from the total to the units that
comprise it, from the whole to the parts. The method we should use
with children is to set up the total for them first, and then let the
children perceive how the given total can be divided up. This is very
important... later, we find our way back to the ordinary sum ftotal.
Continuing in this way, from a living whole fo separate parts, one
touches the reality behind all mathematical calculations:
the vibration of the ether body of formative forces. This
body needs a living stimulus for its formative, perfecting activity,
which it continues... Let’s create the possibility for children’s
physical and ether bodies to work in a healthy way, recognizing that
we can do so only when we bring atmosphere, interest, and life into
our lessons in arithmetic and geometry.”’

From The Whole To The Parts - In Accord With Reality
"What I am saying here applies to everything children should be
taught between the change of teeth and puberty. It is most
important that mathematics should not be intellectualized; even in
mathematics, we should begin with what is real. When I begin with
the total actually in front of me, and then go on to the numbers to

7 14.VI111.1923, Ilkley (GA 307).



be added together, I am sticking with reality; I proceed from the
whole, which is constant, to its parts. The parts can be grouped in
various ways — for example, 10 = 2 + 2 + 3 + 3 — but the whole is
constant and invariable, and this is the greater reality. Thus, I must
teach children to add by proceeding from the whole to the parts.
Genuine knowledge of the human being shows us that, at this age, a
child will have nothing to do with abstractions, such as addenda, but
wants everything concrete; and this requires a reversal of the usual
method of teaching mathematics. In teaching addition, we have to
proceed from the whole fto the parts, showing that it can be divided
in various ways. This is the best method to help us awaken forces of
observation in children, and it is truly in keeping with their nature.
This applies also to the other rules of mathematics. If you say,
‘What must we take away from 5 in order to leave 2?° you will
arouse much more interest in children than if you say, 'Take 3 from
5°. And the first question is also much closer to real life. These
things happen in real life, and in your teaching methods you can
awaken a sense of reality in children at this age.”®

“Today it is common to begin arithmetic by adding one thing to
another. But just consider how alien it is to the human mind when
we add one pea to another, and with each addition specify a new
name. The fransition from one to two and then to three; such
counting is an arbitrary activity for the human being. It is possible,
however, to count in a different way. We find this when we go back
a little in human history. Originally, people did not count by adding
one pea to another and deriving a new thing that, for the soul
anyway, had little to do with what came before. Rather, people
counted more or less as follows. It was their view that everything in
life can always be grasped as a whole, and the most diverse things
might constitute a unity. If I have a number of people in front of
me, that can be a unity at first. Or if I have an individual before
me, that person is a unity. A unity, in reality, is purely relative.
Now, I keep this in mind as I count in this way:

8 16.1V.1924, Bern (GA 309).



In other words, I take an organic whole — a whole consisting of
members. I begin with unity, and in that unity, viewed as a
multiplicity, I seek the parts. This, in fact, was the original view of
number. Unity was always a totality, and one looked for the parts in
the whole. One did not think of numbers as arising from the addition
of one and one and one; rather, one conceived of the numbers as
belonging to a whole and proceeding organically from that whole.
When we apply this to teaching arithmetic, we get the following:
instead of placing one bean after another for children to see, we
give them a whole pile of beans. The bean pile constitutes a whole,
and we begin with this. Next, with our pile of beans (or a pile of
apples if you think it might appeal more to their imagination), we
explain that there are three children of various ages who need
different amounts to eat. We want to do something that might
apply to real life. So, what shall we do? We could, for example,
divide the pile of apples so that we have one pile, on the one hand,
and, on the other, two portions that together equal to the first pile.
The whole pile represents the sum. We have a pile of apples, and
we say, "Here are three parts.” And we get the children to see that
the sum equals the three parts. In other words, in addition we do
not go from the parts and arrive at the sum; we begin with the sum
and proceed to the parts. Thus, to get a living understanding of
addition, we begin with the whole and proceed to the addenda, or
parts. Addition is concerned essentially with the sum and its parts —
the members contained, one way or another, in the sum.

This is how we get children to enter life with the ability to grasp
the whole, rather than always proceeding from less to more.”

% 21.VII1.1924 Oxford (GA 305).



“The truth is that we count subconsciously on our fingers. In reality
we count from one to ten on our ten fingers, then eleven (adding the
toes), twelve, thirteen, fourteen (counting on the toes). You cannot
see what you are doing, but you go up to twenty. And what you do
in this manner with your fingers and toes only throws its reflection
into the head. The head only looks on at all that occurs. The head is
really only an apparatus for reflecting what the body does. The
body thinks, the body counts. The head is only a spectator...
Mathematics is done by the body, thinking is also done by the body,
and feeling too is done with the body. The bead-frame has arisen
from the mistaken idea that reckoning is done with the head. Sums
are then taught to the child with the bead-frame, that is to say,
the child’s head is made to work and then the head passes on the
work to the body, for it is the body that must do the reckoning.
This fact, that the body must do the reckoning, is not taken into
account, but it is important. So it is right to let the children count
with their fingers and also with their toes, for indeed it is good to
call forth the greatest possible skill in the children. In fact there is
nothing better in life than making the human being skilful in every
way.. What does make a person skilled is holding a pencil between
the big toe and the next toe and learning to write with the foot, to
write figures with the foot. This can be of real significance, for in
truth a person is permeated with soul and spirit in the whole body.
The head is the traveller that sits back restfully inside and does
nothing, while the body, every part of it, is the chauffeur who has
to do everything. Thus from the most varied sides you must try to
build up what the child has to learn as counting. And when you have
worked in this way for a time it is important to pass on and not
merely take counting by adding one thing to another; indeed this is
the least important aspect of counting and you should now teach
the child as follows: 'This is something that is ONE. Now you divide
it like this, and you have something that is TWO. It is not two ONEs
put together but the two come out of the ONE’. And so on with
three and four. Thus you can awaken the thought that the ONE is
really the comprehensive thing that contains within itself the TWO,



the THREE, the FOUR, and if you learn to count in the way indicated
in the diagram;

1, 2, 3, 4 and so on, then the child will have concepts that are living
and thereby come to experience something of what it is to be
inwardly permeated with the element of number.

In the past our modern conceptions of counting by placing one bean
beside another or one bead beside another in the frame were quite
unknown; in those days it was said that the unit was the largest,
every two is only the half of it, and so on. So you come to
understand the nature of counting by actually looking at external
objects. You should develop the child’s thinking by means of
external things that can be seen, and keep as far away as possible
from abstract ideas.

The children can then gradually learn the numbers up to a certain
point, first, let us say, up to twenty, then up to a hundred and so
on. If you proceed on these lines you will be teaching them fto count
in a living way. I should like to emphasize that this method of
counting, real counting, should be presented before the children
learn to do sums. They ought to be familiar with this kind of
counting before you go on to arithmetic.

Arithmetic too must be drawn out of life. The living thing is always
a whole and must be presented as a whole first of all. It is wrong
for children to have to put together a whole out of its parts, when
they should be taught to look first at the whole and then divide this
whole into its parts; get them first to look at the whole and then



divide it and split it up; this is the right path to a living
conception.”*

“To begin with a unit, and add to it, piece by piece, merely destroys
the human organism. But the organism is made more alive when we
begin by awakening an awareness of the whole, then awakening an
awareness of the members of that whole; we begin with the whole
and proceed to its parts. This must be kept in mind, even when
children are learning to count... After teaching children to count in
this way, something else becomes important. We must not proceed
to addition in a dead, mechanical way, by merely adding one item to
another in series. Life arises when we begin not with parts of
addition, but with the whole total. We begin with a number of
objects; for example, you throw down a number of little balls.
We've gone far enough in counting to say there are fourteen balls.
You divide them up, extending the concept of parts even further.
You have five here, four there, and five again. You have separated
the total into 5 + 4 + 5. We go from the total to the units that
comprise it, from the whole to the parts. The method we should use
with children is to set up the total for them first, and then let the
children perceive how the given total can be divided up. This is very
important. One does not harness a horse with its tail to the front;
likewise, when teaching arithmetic, we must go the right way. We
start from a whole actually present in the total — a reality — and
then separate it into parts; later, we find our way back to the
ordinary sum total. Continuing in this way, from a living whole to
separate parts, one touches the reality behind all mathematical
calculations: the vibration of the ether body of formative forces.
This body needs a living stimulus for its formative, perfecting
activity, which it continues with no need for the presence of the
astral body and I-being and their disturbing elements [in sleep].
Your teaching will be essentially enhanced and vivified if, in a similar
way, you reverse the other simple forms of calculation. Today, one
might say, children are upside down and must righted. For example,
try to get a child to think in this way: “If I have seven, how much

1016.VII1.1924, Torquay (GA 311).
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must I take away to get three?” instead of “What is left after I
take four away from seven?” Having seven is the real thing, and
what I have left is equally real; how much must we take away from
seven to get three? Beginning with this kind of thinking, we stand in
the middle of life, whereas with the opposite form we face an
abstraction. Proceeding this way, we can easily revert to the other
eventually. Thus, again, in multiplication and division, we should not
ask what will result when we divide ten into two parts, but how
must we divide ten to get five. The actual aspect is given; in life,
eventually we want to get to something with real significance. Here
are two children; ten apples will be divided among them. Each is
supposed to get five. These are realities.”"

Inner Relationship of Division/Multiplication &
Addition/Subtraction

“What is the real difference between multiplication and division in
this method of teaching? Or should there be no difference at all in
the first school year?"?

The question probably arises from my statement that in
multiplication the so-called multiplicand (one factor) and the
product are given, and the other factor has to be found. Of course
this really gives what is usually regarded as division. If we do not
keep too strictly to words, then on the same basis we can consider
division, as follows:

We can say: If a whole is divided in a certain way, what is the
amount of the part? And you have only another conception of the
same thing as in the question: By what must a number be multiplied
in order to get a certain other number?

Thus, if our question refers to dividing into parts, we have to do
with a division: but if we regard it from the standpoint of “how
many times...” then we are dealing with a multiplication. And it is
precisely the inner relationship in thought that exists between
multiplication and division that here appears most clearly.

1'14.VI11.1923, Ilkley (GA 307).
"2 The questions were handed to Dr. Steiner in writing.
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But we should point out quite early on to the children that they can
think of division in two ways. One is that which I have just
indicated; here we examine how large each part is if we separate a
whole into a definite number of parts. Here I proceed from the
whole to find the part; that is one kind of division. In the other kind
of division I start from the part, and find out how often the part is
contained in the whole: then the division is not a separation into
parts, but a measurement. The child should be taught this
difference between separation into parts and measurement as soon
as possible, but without using pedantic terminology. Then division and
multiplication will soon cease to be something in the nature of
merely formal calculation, as it very often is, and will become
connected with life.

So in the first school years it is really only in the method of
expression that you can make a difference between multiplication
and division; but you must be sure to point out that this difference
is fundamentally much smaller than the difference between
subtraction and addition. It is very important that the children
should learn such things.

Thus we cannot say that no difference at all should be made
between multiplication and division in the first school years, but it
should be done in the way I have just indicated.””’

Whole To The Part - Synthesis and Analysis

"It is only because of our civilization that we gradually began to
approach numbers through synthesis, by combining them. Today we
have the concept of a unit, or oneness. Then we have a second unit,
a third, and so on, and when we count, we men- tally place one unit
next to the other and add them up. But, by nature, children do not
experience numbers this way; human evolution did not develop
according to this principle. True, all counting began with a unit, the
number one. But, originally, the second unit, number two, was not an
outer repetition of the first unit but was felt to be contained within
the first unit. Number one was the origin of number two, the two
units of which were concealed within the original number. The same

¥ 20.VII1.1924, Torquay (GA 311).
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number one, when divided into three parts, gave number three,
three units that were felt to be part of the one. Translated into
contemporary terms, when reaching the concept of two, one did not
leave the limits of number one but experienced an inner progression
within number one. Twoness was inherent in oneness. Also three,
four, and all other numbers were felt to be part of the all-
comprising first unit, and all numbers were experienced as organic
members arising from it.

Because of its musical, rhythmic nature, children experience the
world of number in a similar way. Therefore, instead of beginning
with addition in a rather pedantic way, it would be better to call on
a child and offer some apples or any other suitable objects. Instead
of offering, say, three apples, then four more, and finally another
two, and asking the child to add them all together, we begin by
offering a whole pile of apples, or whatever is convenient. This
would begin the whole operation. Then one calls on two more
children and says to the first, "Here you have a pile of apples. Give
some fto the other two children and keep some for yourself, but
each of you must end up with the same number of apples.” In this
way you help children comprehend the idea of sharing by three. We
begin with the total amount and lead to the principle of division.
Following this method, children will respond and comprehend this
process naturally. According to our picture of the human being, and
in order to attune ourselves to the children’s nature, we do not
begin by adding but by dividing and subtracting. Then, retracing our
steps and reversing the first two processes, we are led to
multiplication and addition. Moving from the whole to the part, we
follow the original experience of number, which was one of
analysing, or division, and not the contemporary method of
synthesizing, or putting things together by adding.”**

Beware of Monotony
"It is especially important not to go on working in a monotonous
way, doing nothing but add for six months etc., but where possible

14 31.XI1.1921, Dornach (GA 303).
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one should take all four arithmetic rules fairly quickly one after
another and then practice them.”?

Synthesis and Analysis in the Teaching of Arithmetic

We often do not sufficiently consider the relationship of arithmetic
to the child’s soul life. First of all we must differentiate between
arithmetic and simple counting. Many people think counting
represents a Kind of addition, but that is not so. Counting is simply
naming differing quantities. Of course, counting needs to precede
arithmetic, at least counting up to a certain number. We certainly
need to teach children how to count. But we must also use
arithmetic to properly value those analytical forces that want to be
developed in the child’s soul. In the beginning, we need to attempt,
for instance, to begin with the number ten and then divide it in
various ways. We need to show the children how ten can be
separated info five and five, or into three and three and three and
one. We can achieve an enormous amount in supporting what human
nature actually strives for out of its inner forces when we do not
teach addition by saying that the addends are on the left and the
sum is on the right, but by saying that we have the sum on the left
and the addends on the right. We should begin with analysing the
sum and then work backwards toward addition.

If you wish, you can take this presentation as a daring statement.
Nevertheless those who have achieved an unprejudiced view of the
forces within human nature will recognize that when we place the
sum on the left and the addends on the right, and then teach the
child how to separate the sum in any number of ways, we support
the child’s desire to analyse... It is certainly a subjective activity
when I separate the sum on the left into the addends so that I
have the addends on the right. In that case, I have what needs to
be on the right. If I have the sum on the left and then separate it
into parts, then I can do the separation from various points of view
and thus the addends can take on numerous forms. It is very
important to develop this freedom of will in children. Similarly, in
multiplication we should not attempt to begin with the factors and

' 25.VIII.1919, Stuttgart (GA 295).
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proceed to the product. Instead we should begin with the product
and form the factors in many various ways. Only afterwards should
we turn to the synthesizing activity. This way through arithmetic
people may be able to develop the rhythmic activity within the life
of the soul that consists of analyzing and synthesizing. In the way
we teach arithmetic today, we often emphasize one side too
strongly. For the soul, such overemphasis has the same effect as if
we were to heap breath upon breath upon the body and not allow it
to exhale in the proper way. It is important to take the
individuality of the human being into account in the proper way...
We will, however, always find our way if we take the rhythmic
needs within the whole human being into account. We do that when
we do not simply teach addition, subtraction, multiplication, and
division. When teaching addition, we should not simply expect
answers to the question of what is the sum of so and so much.
Instead we should expect answers to the question of how a sum can
be separated in various ways. In contrast, the question with regard
to subtraction is, from what number do we need to remove five in
order to have the result be eight? In general, we need to pose all
these Kinds of questions in the opposite way to which they are
posed in synthetic thinking when interacting with the external
world.”*

Arithmetic And Geometry Causes Particular Difficulties
For Teachers

"Mathematics, as taught in arithmetic and geometry, is likely to
cause particular difficulties for teachers. Before the ninth year,
this is introduced in simpler forms and subsequently expanded, since
children can take in a great deal if we know how to go about it. It
is a fact that all mathematical material taught throughout the
school years must be presented in a thoroughly artistic and
imaginative way. Using all Kinds of means teachers must contrive to
introduce arithmetic and geometry artistically, and here, too,
between the ninth and tenth years teachers must go to a
descriptive method. Students must be taught how to observe angles,

16 5.V.1920, Basel (GA 301).
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triangles, quadrilaterals, and so on through a descriptive method.
Proofs should not be introduced before the twelfth year.

A boring math teacher will achieve very little if anything at all,
whereas teachers who are inspired by this subject will succeed in
making it stimulating and exhilarating. After all, it is by the grace
of mathematics that, fundamentally, we can experience the
harmonies of ideal space. If teachers can become enthusiastic about
the Pythagorean theorem or the inner harmonies between planes
and solids, they bring something into lessons that has immense
importance for children, even in terms of soul development.”"

Mathematics Instruction And Memory

“Visual instruction is certainly justified within certain limits.
However... the human being must also develop forces that cannot be
imparted solely through the ability to visualize. For example,
learning certain things purely through memory is related to the
developmental forces that are present between the sixth or seventh
year and the fourteenth year of life. This quality of human nature
is what mathematical instruction should be based on. It can even be
used to cultivate the power of memory. If we do not take this into
account, we may emphasize the visual over the memory-
strengthening element in our math lessons.”'®

Don’t Overload The Memory

“When children thoroughly understand the simpler operations — say,
counting to ten or twenty — there is no need to worry about
allowing them to memorize the rest. It is incorrect to overload
children with too many concrete pictures, just as it is incorrect to
strain their powers of memory, because when concepts become too
complex, they have the same effect. We must carefully observe
how memory develops in each individual child... For example, a
teacher might notice a child growing pale. Another child’s face is

17°3.1.1922, Dornach (GA 303).

® This essay was written for the Waldorf-Nachrichten [Waldorf News], Stuttgart, No. 19, October
1919. It can now be found in Aufsdtze Uber die Dreigliederung des sozialen Organismus und zur
Zeitlage 1915-1921 [Essays on Threefolding the Social Organism and on the Situation of the Times,
1915- 1921], pp. 83ff, GA 24, Dornach, 196l.
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becoming excessively red. Teachers who observe accurately will find
that the second child shows signs of growing restless and fretful.
Such symptoms are related to the soul and spirit. Abnormal pallor —
even a tendency — is caused by overworking the memory. The
memory of this child has been stressed, and this must be stopped.
The memory of the child with too much colour, on the other hand, is
underworked. This child must be given things to memorize and made
to demonstrate that they have been retained. We must relieve the
memory of a child growing pale, whereas we must develop the
memory of a child with excessive colour.”"”

Imagination In Teaching Arithmetic

“In the same way, all the instruction given for geometry, and even
for arithmetic, must not fail to appeal to imagination. We appeal to
imagination if we always make an effort to have the children use
their imagination, even in geometry and arithmetic... In these years
we must always take care that, as teachers, we create what goes
from us to the children in an exciting way so that it gives rise to
imagination.”%

Memory and Imagination

“In theory, we can keep saying that we must not overload the
memory. It is not good to burden children’s memory, and anyone can
see that in the abstract... On the other hand, the memory must not
be neglected... So how can we maintain a balance between burdening
the memory and neglecting it? When we teach with images and with
imagination, children take as much instruction as they can bear. A
relationship arises like that between eating and being satisfied.”*

When Teaching Maths, Teach Maths

“Our task is to form the lessons as inwardly artistically as possible,
but not through purely external means. That is as detrimental for
the content of what we present as it is for the art itself. You

¥ 16.VI111.1923, Ilkley (GA 307).
0 5.1X.1919, Stuttgart (GA 293).
21 21.VII1.1922, Oxford (GA 305).
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cannot tell a fairy tale as preparation for a discussion on colour
theory. That would put the instruction upon the completely wrong
track. We should form the instruction so that we create the mood
out of it. If you find it necessary to first create a mood through
something decorative, whereby the art itself suffers, then you are
admitting that you cannot bring about that mood through the
content of the lesson. I think it is questionable that sometimes
anthroposophical discussions are preceded by some piece of music,
although that is something else because that is done with adults.
We cannot do that in the classroom, and we will need to stop it.”?*

Period Teaching - Block Teaching And Practice Lessons
"When young children enter school, practically everything except
the needs and desires of the developing human being determines
what happens. As they progress from grade to grade, this becomes
worse and worse. At an age when children can least tolerate ift,
something like the following occurs. A child goes to the first class
of the morning. For the convenience of the faculty, the child has,
for instance, mathematics or arithmetic in the first period; then,
perhaps Latin, then, maybe a period of religion. After that, there is
music or singing, but maybe not even that, and, instead, geography.
We cannot more fundamentally ruin human nature than by teaching
children in this manner. This absolutely destroys the child’s powers
of concentration... Today, we must fight most strongly against class
schedules throughout all the grades.”?

Period Teaching And Recapitulation Lessons In Maths

“In the Waldorf School we have so-called “period teaching” and not
a fixed timetable. We take one subject for four to six weeks; the
same subject is continued during that time. We do not have from
8:00-9:00 arithmetic; 9:00-10:00 reading, 10:00-11:00 writing, but
we take one subject that we pursue continuously in the main lesson
morning by morning for four weeks, and when the children have gone

2216.1.1921, Stuttgart (GA 300b).
23 1.VI.1919, Stuttgart (GA 192).
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sufficiently far with that subject we pass on to another. We never
alternate by having arithmetic from 8:00-9:00 and reading from
9:00-10:00, but we have arithmetic alone for several weeks, then
another subject similarly... We thereby save the children from what
can work such harm in their soul life, namely that in one lesson they
have to absorb what is then blotted out in the lesson immediately
following. The only way to save them from this is to introduce
period teaching. Many will no doubt object that in this kind of
teaching the children will forget what they have learned. This only
applies to certain special subjects, for example,
arithmetic, and can be corrected by frequent little
recapitulations.”

“Arithmetic and geometry, indeed, all mathematics, occupy a unique
position in education.”?

Maths Reviews In Main Lessons In The Upper School

“A teacher asks whether the mathematics teacher should also give
the review classes for the upper grades, when another teacher
teaches the main lesson.

Dr. Steiner: I don’t see why that would be necessary. If the faculty
is an organism as I have always thought, then I see no reason for
that. Why shouldn’t the teacher who is giving chemistry also give
the review? You need to know what every one of you is doing. If all
the teachers know what the others are doing, then that will not be
necessary. I do not see why we should go into a subject teacher
system. I think it is desirable that you can do that. I once had a
mathematics teacher who did not recognize one single plant when
we went on a school excursion. He knew a lot about mathematics
and physics, but had no understanding of anything else.”?*

Hours In the Timetable For Mathematics
“A normal middle-grade school class has thirty-two hours per week.
Five hours are used for mathematics, three for physics, and two for

24 15.VII1.1923, Torquay (GA 311).
25 14.V111.1923, Ilkley (GA 307).
2 28.X.1922, Stuttgart (GA 300b).
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nature studies. But that is not particularly important. We must
teach so that we achieve our goals in the time available. Time
cannot be our ruling principle.”?’

Practice Lessons

"I have also given some consideration to arithmetic in the various
classes. I would like you to arrange the instruction so that you
continue to teach new material in blocks, but that there are two
half hours of arithmetic review in the normal main lesson. That is
something we need to do everywhere, including the upper grades.”*

Arithmetic and Morality

“Arithmetic and moral principles are two things that, in terms of
logic, seem very removed from each other. It is not common to
connect arithmetic with moral principles, because the logical
connection is not obvious. It is obvious, however, to those who do not
view the matter in terms of logic but in a living way that children
who are introduced to arithmetic correctly will have a very
different feeling of moral responsibility than those who were not...
One perceives the forces that connect the faculty used in
arithmetic with the springs of morality in humankind... Once children
have acquired the habit of adding things together, a disposition
arises that tends to be desirous and craving. By proceeding from the
whole to the parts, on the other hand, and by treating
multiplication in a similar way, children are less prone to
acquisitiveness. Instead, they tend to develop, in the noblest
Platonic sense, consideration and moderation. Our moral likes and
dislikes are intimately connected with the way we learned to deal
with numbers. At first sight, it's difficult to see any logical
connection between one’s approach to numbers and moral ideas.”?

¢7 28.1v.1922, Stuttgart (GA 300b).
28 28.X.1922, Stuttgart (GA 300b).
29 21.VII1.1922, Oxford (GA 305).
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Times Tables

“To be sure, the multiplication table is only a part of mathematics,
but we must learn it before we can advance to differential and
integral calculus.”*

"When the second dentition is over, we can immediately begin to
teach the children the times tables — even addition, as far as I'm
concerned. The point is that children should memorize their times
tables and addition facts as soon as possible after you have
explained to them in principle what these actually mean — after you
have explained this in principle using simple multiplication... That is,
as soon as you've managed to teach the children the concept of
multiplication, you can also expect them to learn the times tables
by heart.”*

Maths and the Temperaments

"By continuing in this way I find it possible to use the four rules of
arithmetic to arouse interest among the four temperaments. Adding
is related to the phlegmatic femperament, subtracting to the
melancholic, multiplying tfo the sanguine, and dividing — working back
to the dividend — to the choleric.”**

Textbooks

"The present-day books that have replaced the older ones are quite
atrocious. The situation in the field of arithmetic and geometry is
particularly bad.”*’

"It would be a good idea if the Waldorf teachers would work on
creating decent textbooks that reflect our pedagogical principles. I
would not like to see the current textbooks in the classroom.”*

Main Lesson Books
“Couldn’t you teach from your notes so that a textbook would not
be necessary? You see, what is really very important is that you

3018.VIII.1922, Oxford (GA 305).
3 6.IX.1919, Stuttgart (GA 295).
% 4.VIIL.1919, Stuttgart (GA 295).
3 3.IX.1919, Stuttgart (GA 294).
3 28.X.1922, Stuttgart (GA 300b).
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summarize everything they need to know as efficiently as possible. I
happily remember how, when I was in school, we did not have any
geometry books. The teacher summarized the important things in
dictations. A self-written book gives you reason to know what is in
it.. You should give a dictation at the end of the period about what
was just covered. Create the dictation with the children. You can
summarize the material in a written form during one period and
review it in the next. Use key sentences rather than key words.”*®

A New Kind Of Textbook

"A teaching guide for mathematics and geometry in the upper
grades would be good. You would need to write it so that the
material is presented in a very clear way, so the reader does not
drown in the amount of material and important things are not
missing. All textbooks are really unusable. They are not very
helpful. It should be a text without any remarks or figures that you
can read like a novel. As a boy of about fourteen or fifteen, I once
wrote one myself, because all of the geometry books were so
boring. It is foo bad I no longer have it. It was not bad, you could
read it like a novel. It might be interesting if you put it together as
connected text that reads like a novel. It does not need to be as
voluminous as things are today, and we could even have one edition
for teachers and a still shorter edition for children, like a short
story. Children would be very thankful if every day in class they
could read a page or two about geometry written in a readable
form. There are no good books anymore.”*

Fractions and Decimal Fractions

Consider for a moment how appropriate it would be to include my
characterization of arithmetic—to place analytical methods alongside
synthetic methods, and to work with the sum and products and not
simply from adding and factoring—along with what is normally done.
You can see how appropriate it would be to treat fractions and
everything connected with them from this perspective. When we

% 25.v.1923, Stuttgart (GA 300c).
% 14.11.1923, Stuttgart (GA 300b).
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move from working with whole numbers to working with fractions,
we move in a quite natural way into the analytical. Moving from
whole numbers to fractions means just that: analyzing. It is
therefore appropriate to bring in another element when working
with fractions than we use when working with whole numbers...
Working with fractions is another question. Since fractions are in a
certain sense analytical, we need to take the need for analysis into
account, as I mentioned in some of the previous lectures. For that
reason, we would do well to make working with fractions as visual as
possible. We could perhaps divide a large cube into smaller cubes,
for example, taking a large cube and dividing it into sixteen smaller
cubes. From that, we can go on to the concept of a quarter by
dividing the large cube first into quarters, then each quarter again
intfo a further quarter. In this way you can show the children all
kinds of relationships between a sixteenth or an eighth and so forth.
If, later, you give each of the portions a different colour, you can
then place the various fractions of the larger cube together again
in different way, which then gives a very pretty picture.

I do not want to make the fransition from normal fractions to
decimal fractions in some irrational way, in a way that does not
correspond to reality. From the very beginning, the children should
gain a feeling that the use of decimal fractions is based upon human
convention or convenience. They should also gain a feeling that the
way we write decimal fractions is nothing more than a continuation
of the way in which we write normal numbers: we first count to ten
and then, when we go on to twenty, which is twice ten, the first
series of fen is included in that so that by going to twenty, we have
simply added a new series of ten, and so forth. If we work toward
the left using the same principle that we used when working with
decimal numbers to the right, the children will realize that all this
is relative and that it would form a unity if I set the decimal point
two places to the right.”*’

37 11.V.1920, Basel (GA 301).
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More Than One Subject In The Same Room

"I certainly see no reason why two classes cannot have gymnastics
with their teachers in the same room. That would, in fact, be quite
good, if it is possible, because we would then achieve a pedagogical
goal. We need to remove nervousness from our teaching. If we
cannot do that, it would be a sign of nervousness. Actually, we
should see it as an ideal that we could teach mathematics in one
corner, French in another, astronomy and eurythmy in the others, so
that the children have to pay more attention to their own work. I
would be happy if you could do it, because it is pedagogically
valuable. Teachers would, of course, need to be able to get along
with each other.”*®

Teaching, Learning, Lecturing and Sensationalism

"You see, we need to emphasize that the children can do something,
that they actually learn, and that emphasis is almost entirely
missing. You pay too little attention to that. In the upper grades,
you have fallen into lecturing, and the instruction is mere
sensationalism. They listen, but they don’t work inwardly, and for
that reason cannot do enough.”*

Qualitative Presentations

"It would also be very good if you developed mathematical concepts,
such as those of normal functions or elliptic functions, in a visual
way. Don’t just drone on about formal mathematics. Present how
things are qualitatively.”*

Concrete Maths to Abstract Maths

Q. At what age and in what manner should we make the fransition
from the concrete to the abstract in arithmetic?

At first one should endeavour to keep entirely to the concrete in
arithmetic, and above all avoid abstractions before the child comes
to the turning point of the ninth and tenth years. Up to this time

% 5.X11.1922, Stuttgart (GA 300b).
% 14.V1.1920, Stuttgart (GA 300a).
“030.1V.1924, Stuttgart (GA 300b).
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keep to the concrete as far as possible, by connecting everything
directly with life. When we have done that for two or two-and-one-
half years and have really seen to it that calculations are not made
with abstract numbers, but with concrete facts presented in the
form of sums, then we shall see that the transition from the
concrete to the abstract in arithmetic is extraordinarily easy. For in
this method of dealing with numbers they become so alive in the
child that one can easily pass on to the abstract treatment of
addition, subtraction, and so on. It will be a question, then, of
postponing the transition from the concrete to the abstract, as far
as possible, until the time between the ninth and tenth years...
Using this method we can make the fransition from concrete to
abstract as a gradual preparation for the time between the ninth
and tenth years when abstract number as such can be presented.”*

Knowledge and Capacity

"Have them do the square roots and cube roots... In such things, it
is not so important that children do things the way they will need

them later, but that they practice a particular form of thinking.”*?

Imagination, Description And Proofs

"Throughout these stages,*’ teachers should present mathematical
elements in their manifold forms, in a way appropriate to the
student’s age. Mathematics, as taught in arithmetic and geometry,
is likely to cause particular difficulties for teachers. Before the
ninth year, this is introduced in simpler forms and subsequently
expanded, since children can take in a great deal if we know how to
go about it. It is a fact that all mathematical material taught
throughout the school years must be presented in a thoroughly
artistic and imaginative way. Using all kinds of means teachers must
contrive to introduce arithmetic and geometry artistically, and here,
too, between the ninth and tenth years teachers must go to a
descriptive method. Students must be taught how to observe angles,

“16.VIII1.1924, Torquay (GA 311).

2 22.1X.1920, Stuttgart (GA 300a).

“* Seventh to Tenth year (‘spontaneous activity’) - Tenth to Twelfth year (‘descriptive approach’) -
Twelfth year onwards (‘explanatory approach’).
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triangles, quadrilaterals, and so on through a descriptive method.
Proofs should not be introduced before the twelfth year.

A boring maths teacher will achieve very little if anything at all,
whereas teachers who are inspired by this subject will succeed in
making it stimulating and exhilarating. After all, it is by the grace
of mathematics that, fundamentally, we can experience the
harmonies of ideal space. If teachers can become enthusiastic about
the Pythagorean theorem or the inner harmonies between planes
and solids, they bring something into lessons that has immense
importance for children, even in terms of soul development. In this
way, teachers counteract the elements of confusion that life
presents.. Mathematics can give us inner firmness.”*

Student Mentoring In Mathematics
“In arithmetic one child could lead the others in certain things.”*

Arithmetic Homework

“We do not want the children doing pages of arithmetic at home.”*

“A teacher: I would like to ask a question about algebra. I think it
would be good if we gave the children homework. It is certainly
clear in this case that the children should do some problems at
home.

Dr. Steiner: We need to emphasize what results from a good
pedagogy. One basic principle is that we know the children do the
homework, and that we never find that they do not do it. You should
never give children homework unless you know they will bring the
solved problems back, and that they have done them with zeal. A
liveliness needs to come into the work, and we need to encourage
the children so that their inner attitude is not paralyzed. For
example, you should do it so that when you have covered some
material, and you want to assign them some work in connection with
it, you say, ‘Tomorrow I will do the following arithmetic operations’.
Then wait and see if the children prepare the work at home. Some

“ 31.XII.1921, Dornach (GA 303).
5 18™ September, 1923, Faculty Meeting in Stuttgart.
¢ 21.VI1.1922 Stuttgart (GA 300b).
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will be interested enough to do it and then others will become
interested. You should bring it about that the children want to do
what they need to do in school. What you need to do from day to
day should come from what the children want to do.

A teacher: Can we also give homework such as multiplication
problems and so forth?

Dr. Steiner: Only in that way... Our goal must be to cover the
material in such a way that we don’t need anything outside of
school.”*’

Stories in Arithmetic Instruction

“In general, your class needs to be more involved with the material.
They are not really in it. They are, what, about thirteen-year-old
boys and girls? I think, of course, that enlivening arithmetic would
do much to awaken them. They are not particularly awake... I think
you should include something like stories in the arithmetic
instruction so that the process becomes clear from within. There
are many ways you can do that, but you must always connect them
with the material.”*®

The Teacher’s Interest In The Material

“In general, the children know too little and can do too little. The
problem is that an indifference has crept in, so that the things that
are necessary are not done. There is no question of that in the 8b
class. You need to be there for only five minutes and you can see
that the children can do their arithmetic. This all depends upon the
teachers’ being interested in the material. It is readily apparent
how well the children in the 8b class can do arithmetic... but
arithmetic is going poorly nearly everywhere.”*

The ‘Sense’ Of Number
“The three semicircular canals in the human ear, these three tiny
vertical bones within the human ear, are so arranged that they

“711.1X.1921, Stuttgart (GA 300b).
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bring with them a highly developed sense of space and numbers... If
the human organism is particularly well developed in that way, a
special talent arises out of the ear. Within the organ of hearing are
all the organs necessary for hearing, but these are further
connected with the organs for speaking, for balance, and for a sense
of numbers. In a certain sense, they all meld together.”*

Steiner’s Original Indications For Maths
Class 1 - Class 12

Class 1 - Counting And The Four Operations

“You know that standard superficial methodology dictates that in
the first grade we should deal primarily with numbers up to 100. We
can also go along with this, because the range of numbers doesn’t
really matter in the first grade, where we stick with simpler
numbers. The main issue, regardless of what range of numbers you
use, is to teach the arithmetical operations in a way that does
justice to what I said before: Develop addition out of the sum,
subtraction out of the remainder, multiplication out of the product
and division out of the quotient — that is, exactly the opposite of
how it’s usually done. Only after you have demonstrated that 5 is 3
plus 2, do you demonstrate the reverse — that adding 2 and 3 yields
5. You must arouse in the children the powerful idea that 5 equals
3 plus 2, but that it also equals 4 plus 1, and so on. Thus, addition is
the second step after separating the sum into parts, and
subtraction is the second step after asking "What must I take away
from a minuend to leave a specific difference?” and so on. As I said
before, it goes without saying that you do this with simpler numbers

*° Discussion 20.1V.1920, Basel (GA 301).
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in the first grade, but whether you chose a range of up to 95 or
100 or 105 is basically beside the point.”

Class 2

“Then in the second grade you continue with the arithmetical
operations using a greater range of numbers. You fry fto get the
students to solve simple problems orally, in their heads, without any
writing. You attempt to introduce unknown numbers by using
concrete objects — I told you how you could approach unknown
numbers using beans or whatever else is available. However, you
should also not lose sight of doing arithmetic with known quantities.
In the third grade everything is continued with more complicated
numbers, and the four arithmetical operations practiced during the
second grade are applied to certain simple things in everyday life.”*?

Class 4

“In the fourth grade we continue with what was done in the earlier
grades, but we must now also make the transition to fractions and
especially to decimal fractions.”*

Class 5

“In the fifth grade, we continue with fractions and decimals and
present everything the children need to do independent calculations
involving whole numbers, fractions, and decimals.”>*

Class 6 - Commercial Maths And Geometry

“In the sixth grade we move on to calculating percentages, interest,
discounts and the interest on promissory notes, which then forms
the basis for algebra, as we have already seen. I ask you to observe
that, until the sixth grade, we have been deriving the geometric
shapes — circle, triangle, and so on — from drawing, after having
done drawing for the sake of writing in the first few years. Then we

' 6.IX.1919, Stuttgart (GA 295).
% 6.IX.1919, Stuttgart (GA 295).
> 6.IX.1919, Stuttgart (GA 295).
> 6.IX.1919, Stuttgart (GA 295).
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gradually made the transition from drawing done for the sake of
writing to developing more complicated forms for their own sake —
that is, for the sake of drawing, and also to do painting for the sake
of painting. We guide instruction in drawing and painting into this
area in the fourth grade, and in drawing we teach what a circle is,
what an ellipse is, and so on. We develop this out of drawing. We
continue this by moving on to three-dimensional forms, using
plasticine if it's available, and whatever else you can get if it isn't
— even if it's mud from the street, it doesn’t matter! The point is to
develop the ability to see and sense forms. Mathematics instruction,
geometry instruction, then picks up on what has been taught in this
way in the drawing classes. Only then do we begin to explain in
geometrical terms what a triangle, a square, or a circle is, and so
on. That is, the children’s spatial grasp of form develops through
drawing. We begin to apply geometrical concepts to what they have
learned in this way only once they are in the sixth grade. Then we
have to make sure that we do something different in drawing.”*®

“At around the age of twelve... or perhaps one year earlier, we
might attempt to present arithmetic similarly to the way we would
teach about minerals, physics, or chemistry, namely, by always
taking the practical into account. In arithmetic, the children should
gain an idea about how monetary exchange rates work — what a
discount rate is, how financial accounts are held.”*

“Around the age of twelve... or perhaps one year earlier, we might
attempt to present arithmetic by always taking the practical into
account. In arithmetic, the children should gain an idea about how
monetary exchange rates work — what a discount rate is, how
financial accounts are held.”*’

Class 7

“In the seventh grade, after making the transition to algebra, we
teach raising numbers to powers and extracting roots, and also what
is Known as calculating with positive and negative numbers. Above

> 6.IX.1919, Stuttgart (GA 295).
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all, we try to introduce the children to what we might call
practical, real-life applications of solving equations.”*®

Class 8

“We continue this in the eighth grade and take the children as far
as they can get with it. We also add calculating areas and volumes
and the theory of geometrical loci.”*

Class 9

“You have already taken up equations, haven't you? How far have
you come in exponents? Squaring, cubing, and more general
exponents? Have you already cubed binomials and trinomials?

A teacher: There were no difficulties, but there was no reason to do
the binomial law, that is, (a + b)2, (a + b)3, (a + b)4.

Dr. Steiner: How do the students do that?

A teacher: I had them multiply them out.

Dr. Steiner: What I mean is, do your students know that (a + b)3 =
a3 and so forth? Can they do that? If you have not required that
they learn it as a formula, then you have not begun with raising
numbers to a power, and you have not had them figure the formula
3553 or 3552. I would continue in this way by having the children
do the cubes for numbers using a formula. Then have them do the
square roots and cube roots.

A teacher: I did not think it was important.

Dr. Steiner: In such things, it is not so important that children do
things the way they will need them later, but that they practice a
particular form of thinking. The form of thinking that they practice
in finding the cube or square, or by taking the root of a number, has
the peculiarity that it abstracts from the concrete numbers and
then puts the numbers together in another way. Such work in the
depths of the numerical construct is so formative for thought, that
they have to do it.

% 6.IX.1919, Stuttgart (GA 295).
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Then they need more practical computations. I would certainly find
it proper if you had children figure things that have a practical
content, which is certainly in accord with your intentions. I would
say, for instance, that if a watering can is cylindrical or conical, it
contains a certain amount of water. How much water is that if the
diameter of the base of one can is half that of another one?

I would then go on to approximations so that the children get an
idea of that. Begin with a transit and how to find the average value
in such practical things as weighing things with a balance scale. You
could then continue on with examples in the exchange of money.
Then, of course, we need to consider geometry. You should, of
course, begin with computing volumes of bodies, and then I would
advise you to begin with descriptive geometry.”®

"These are children of fifteen or sixteen years of age.

Thus, in geometry, if you can see that the children have the basic
concepts, including the law of duality and perspective geometry, so
that the children are perplexed and amazed and have some interest
in what you say about some of the figures, then you will have
achieved everything that you can. Have you begun with descriptive
geomeftry yet?

A teacher: I have done the constructions with a point and a line,
Cavalieri’s perspective and shadow construction, so that the children
have an idea of them. Now we are only doing shadow construction.
Then, we will do technical drawing. We have done relatively little of
that.

Dr. Steiner: Then, you should do mechanical drawing including
trajectory, simple machines, and trigonometry. Trajectory is better
if you treat it with equations. Do the children understand parabolic
equations? If you develop concrete examples, then you do not need
to go into detail there. From a pedagogical perspective, the whole
treatment of a trajectory is only so that the children learn
parabolic equations and understand parabolas. The coinciding of
reality with mathematical equations is the goal you need to strive
for. 'Philosophy begins with awe’, is partially incorrect. In teaching,

0 22.I1X.1920, Stuttgart (GA 300a).
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awe must come at the end of a block, whereas in philosophy, it is at
the beginning. You need to direct the children toward having awe.
They need something that will completely occupy them. They need
to understand that it is something that, in the presence of its
greatness, even Novalis would fall to his knees.”®

Class 10

“Dr. Steiner: How far have you come in mathematics?

A teacher: In algebra, exponents and roots, geometric drawing, and
the computation of areas. We also did simple equations, equations
with multiple unknowns, quadratic equations, and the figuring of the
circumference and area of a circle.

Dr. Steiner: You could also teach them the concept of m. When you
teach that, it is not important that you teach them about the
theories of decimal numbers. They can learn the number n to just
one decimal place.

A teacher: We studied the number n by looking at the perimeters
of inner and outer regular polygons.*

Dr. Steiner: What lines do the children know?

A teacher: Last year we studied the ellipse, hyperbola, and parabola
from a geometrical perspective.

Dr. Steiner: Then, the children will need to learn the basics of plane
trigonometry. I think that would be enough for now. How far did you
come in descriptive geometry?

A teacher: The children learned about interpenetrating planes and
surfaces. The children could certainly solve problems involving one
triangle penetrated by another. They can also find the point of
intersection of a line with a plane.

¢ 11.IX.1920, Stuttgart (A 300aq).

2 This refers to a primitive form of differential calculus used by the Ancient Greeks to calculate .
An inner polygon is formed inside a circle, with the points of the polygon conjoining the perimeter of
the circle. An outer polygon is formed outside a circle by having the midpoints of the sides of the
polygon conjoin the perimeter of the circle. If you take one circle and construct successive inner and
outer polygons — that is, construct first inner and outer triangles, then squares, then pentagons, etc.,
the lengths of the perimeters of the inner and outer polygons will converge to one value, which is the
perimeter of the circle. Through this process, the value of 1 can be approximated.

33



Dr. Steiner: Perhaps that is not necessary. You should actually
begin with orthogonal projections, that is, from a point. You should
go through the presentation of a plane as a plane, and not as a
triangle.

You should then go on to the theory of planes and intersection of
two planes and then, perhaps, fo the basics of projective geometry.
It is important to teach children about the concepts of duality, but
you need to teach them only the most basic things.

A teacher: In trigonometry, wouldn’t it be necessary to go into
logarithms?

Dr. Steiner: What? They don’t understand logarithms yet? You must
do that in mathematics, it belongs there. They would know only the
basic concepts of sine, cosine, and tangent, you need to say only a
few sentences about that. They should learn only a couple of the
relationships, for instance, sin 2x + cos 2x = 1, but they should
understand that visually.

A teacher: Should the goal be to teach logarithms in the ninth
grade?

Dr. Steiner: They should know enough about logarithms to be able
to perform simple logarithmic computations.”®’

Class 11

"Dr. Steiner: Now we have mathematics. How far did the eleventh
grade come in mathematics?

A teacher: In the eleventh grade we got as far as indeterminate
equations in algebra. In trigonometry, aside from spherical
trigonometry, they went as far as computing acute-angle friangles.
In complex numbers, as far as Moivre’s theorem, then polynomial
equations. In analytic geometry, we went as far as working with
second-order curves, but we worked in depth only with the circle. In
constructive geometry, we did sections and intersections.

Dr. Steiner: Our experience with last year’s class has shown that
we cannot do it that way. It is too much for the human soul to do
such things.

¥ 17.V1.1921, Stuttgart (GA 300a).
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What is important is to go through spherical trigonometry, that is,
the elements of analytical spatial geometry, in a way that is as
clear as possible.

In descriptive geometry we have Cavalieri’s perspective. The
students should be able to draw a complicated form, such as a
house, in Cavalieri’s perspective. The inside as well as the outside.
In algebra, you need only cover the beginnings of differential and
integral calculus. They do not need to be able to compute maximums
and minimums. They will learn that in college. You should teach
them only the basic concepts of calculus, but do that thoroughly.
You should emphasize spherical trigonometry and how it is used in
astronomy and geodesy in a way appropriate to their age, so that
they have a general understanding of it.

Spatial analytical geometry should be used to teach them how
equations can express forms. I would not be afraid tfo complete this
subject by giving them examples of questions like, What curve is
represented by the equation x2/3 + y2/3 + z2/3 = a

which results in an astroid. The main thing is to make equations so
transparent that the students have a feeling for how things are
hidden within equations.

You should also do the opposite. If I draw a curve or place a body in
space, they should be able to recognize the general form of the
equation without necessarily having it correct in all details, but at
least have an idea of what the equation would be.

I don’t think the normal mathematical education that connects
differential and integral calculus with geometry is particularly
useful. I think it should be connected with quotients instead. I
would begin with the quotient

Ay

Ax

then make the dividend and the divisor smaller and smaller, simply
as numbers, and then go on to develop differential quotients. I
would not begin with the idea of continuity, because you do not
really get an idea of differential quotients that way. Don’t begin
with differentials, but with differential quotients. If you begin with
a series, then go on to geometry only after you have presented
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tangents, that is, move from the secant to the tangent. Go on to
geometry only after the students have completely comprehended
differential quotients purely as numbers or through computations, so
that they are presented with the picture that geomeftric
visualization is only an illustration of what occurs numerically. You
can then teach them integrals as the reverse process. Thus, you will
have a possibility of showing them that the computation is not a
fixing of geometry, but that geometry is an illustration of the
computation. That is something people should consider more often.
For example, you should not consider positive and negative numbers
as something in themselves, but as a series of numbers such as
(5-1),(5-2),(5-3),(5-4),(5-5),(5-6)."

In the last instance, I do not have enough, I am missing one, and I
write that as (-1). Emphasize only what is missing without using a
number line. You will then remain within numbers. A negative
number is the amount that is not present. It is a deficiency of the
minuend. There is much more inner activity in working that way. You
can excite some of the students’ capacities in a much more real way
than when you do everything beginning from geometry.

A teacher: Where should we begin?

Dr. Steiner: Now that the class is ready for spherical trigonometry,
you will need to move from frigonometry to developing the concept
of the sphere qualitatively, that is, without starting computations.
Instead of drawing on a plane, they need to begin drawing on a
sphere, so that they get an idea of what a spherical triangle is,
that is, how a triangle lies upon a sphere. You need to make that
visible for the children, then go on to show them how the sum of
the angles is not equal to 180°, but is larger. They need to really
understand triangles on a sphere, with their curved lines, and then
begin the computations. In geometry, the computation is only the
interpretation of the sphere. I do not want you to begin by
considering the sphere from its midpoint, but from the curvature of
the surfaces. Then you can go on to a more general discussion of
the nonlinearity, how you could look at a corresponding figure on an

* See Discussions With Teachers, discussion of September 5, 1919.
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ellipsoid, or how it would look on a paraboloid, where it is no longer
completely closed. Don’t begin with the centre, but with the
distortion of the surface; otherwise you will have difficulties with
other solids. In a way, you will need to think of yourself on the
surface; in a sense, you will have to form a picture of what you
would experience if you were a spherical triangle. You need to ask
yourself, What would I experience as a friangle on an ellipsoid?

In that connection, you will also have to show the students what
would happen if you used the normal Pythagorean theorem on a
spherical triangle. You cannot, of course, use squares for that. Doing
things this way has an effect upon the general education, whereas
normally they affect only the intellect.

You can cover permutations and combinations quickly, and, if there is
enough time, the beginnings of probability theory, for instance, the
life expectancy of a human being.

In the eleventh grade, you need to go through sections and
intersections, shadows and indeterminate equations, and analytical
geometry up to conic sections. In eleventh-grade trigonometry,
teach the functions in a more inner way, so that you present the
principle relationships in sine and cosine. There, of course, you will
have to begin from geometry.”®

Class 12

"Dr. Steiner: How are things going in twelfth-grade mathematics?
The mathematics teacher: Very well. We have covered nearly
everything.

Dr. Steiner: I have no doubt that they can well understand these
elementary concepts of higher mathematics. I would ask the twelfth
grade if they can easily solve such examination questions as: Given
an oblique circular cone with axis A making an angle & to the base,
with a radius p, compute the height of the cone and the length of
the longest and shortest slant heights.

9x2 + 25y2 = 225. The coordinates are, x = 5, y = 2. Determine the
equation of the tangent and its length. They may also need to solve
construction problems:

¢ 30.1V.1924, Stuttgart (GA 300c).
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Construct the locus of all points equidistant from a given point and
a given plane.

Another question might be: Construct the shadow of a surface of a
plane bounded by a circle upon a cone.

Or further: Draw a cycloid.”®

% 25.v.1923, Stuttgart (GA 300c).
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